Metamaterials are artificial materials designed with specific unit cell configurations and/or geometric structures. They can be engineered to achieve new properties, such as special values of permittivity and permeability. These characteristics can also lead to negative and zero refractive indices, as well as super and hyper lenses that go beyond the diffraction limit. Extra-thin metamaterials-or metasurfaces-have recently attracted substantial attention because of their easy fabrication, relatively low effective surface refractive index loss, and more compact size of traditional bulk metamaterials. 1-6 Surface plasmon polaritons (SPPs) are special surface waves (in the optical frequency) that exist on the interface between metal and dielectric materials. Due to the tight binding ability and strong confinement of electromagnetic fields, many optical applications (e.g., biological sensing, super-resolution imaging, opto-electronics, and nanophotonics) have been developed based on SPPs. It has been more difficult, however, to create highly confined surface waves at lower frequencies.
Metamaterials are artificial materials designed with specific unit cell configurations and/or geometric structures. They can be engineered to achieve new properties, such as special values of permittivity and permeability. These characteristics can also lead to negative and zero refractive indices, as well as super and hyper lenses that go beyond the diffraction limit. Extra-thin metamaterials-or metasurfaces-have recently attracted substantial attention because of their easy fabrication, relatively low effective surface refractive index loss, and more compact size of traditional bulk metamaterials. [1] [2] [3] [4] [5] [6] Surface plasmon polaritons (SPPs) are special surface waves (in the optical frequency) that exist on the interface between metal and dielectric materials. Due to the tight binding ability and strong confinement of electromagnetic fields, many optical applications (e.g., biological sensing, super-resolution imaging, opto-electronics, and nanophotonics) have been developed based on SPPs. It has been more difficult, however, to create highly confined surface waves at lower frequencies.
The concept of spoof SPPs 7, 8 has been proposed to lower the plasmon frequency of SPPs from the optical region to terahertz and microwave regions. Since metasurfaces are planar materials, it is thought that they can be used to control spoof SPPs and other surface waves. Transformation optics (TO) can be applied to metamaterials and facilitate new methods for manipulating electromagnetic waves. Together with geometrical optics (GO), i.e., the description of propagating light rays, new systematic tools for the design of complex devices that use gradient index metamaterials (materials with gradual variation in refractive index) are now available.
We incorporated TO and GO theories into the designs of novel metasurface lenses. With these lenses, we adopted the concept of spoof SPPs to obtain highly confined surface waves at microwave and terahertz frequencies. We chose U-shaped metallic patches-shown in Figure 1 (a)-as the constituent units for these metasurface lenses. The metallic patches can support spoof SPPs, and they possess very low plasmon frequencies.
The first metasurface lens that we designed is based on a Luneburg (spherically symmetric gradient-index) lens, but the circular focusing curve is flattened through the application of quasi-conformal mapping. 5 The transformed distribution of the metasurface lens surface refractive index is shown in Figure 1(b) . The U-shaped unit cells are asymmetric structures. Therefore, the 2D surface refractive index is anisotropic. The degree of anisotropy (˛), however, is small and close to an intrinsic valuesee Figure 1 (c)-that is a result of the quasi-conformal mapping. We thus used the y component of the surface refractive index to design the metasurface lens: see Figure 1(d) .
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Figure 3. (a) Schematic diagram of the bi-functional anisotropic metasurface lens. The blue and red arrows indicate the directions of the two optical axes. (b) Ray tracing diagrams for the anisotropic metasurface lens when n x satisfies the ideal Luneburg distribution for a source on the horizontal optical axis and (c) fisheye distribution for a source on the vertical axis. When observed from the horizontal optical axis, the metasurface is a Luneburg lens, and when observed from the vertical optical axis it is a fisheye lens. (d) Comparison of the ideal surface indices of refraction for Luneburg and fisheye lenses with those for the realistic metasurface lens (n x and n y ).
We used a Vivaldi antenna array as the source of the metasurface lens. When the lens is excited by the different array antennae, it emits beams in different directions and with high directivity (see Figure 2) . Our near electric-field distribution simulations and measured results for the lens are in good agreement. The results also showed that the metasurface lens has a broad bandwidth (8-10GHz) centered on the designed frequency of 9GHz.
We designed our second metasurface lens based on GO theory. 6 Unlike for our first case, we did not ignore the anisotropy of the U-shaped unit cells. Instead with this metasurface lens we used the anisotropy to combine a Maxwell fisheye lens and a Luneburg lens into a single lens. The design principle for this bi-functional metasurface lens (see Figure 3) Continued on next page is based on the fact that the anisotropy decreases as the distance between the U-shaped unit cell to the lens center increases. Furthermore, the light path is nearly parallel to the principle axis of the lens-see Figure 3 (b) and (c)-when the anisotropy is strong. Consequently, we were able to separate the two principle components of the surface refractive index tensor and realize different functions for different directions. We varied the depth of the U-shaped unit cell to fit both the Luneburg lens refractive index profile (x component of the surface refractive index tensor) and the fisheye lens (y component of the tensor). The bi-functional metasurface lens, therefore, performs like a Luneburg lens along the horizontal optical axis and like a Maxwell fisheye lens along the vertical optical axis. We conducted numerical simulations and experiments in the microwave frequency range that clearly show the bi-functional characteristics of our lens (see Figure 4) .
Using TO and GO theories, we designed and built two metasurface lenses that feature U-shaped metallic patches as the unit cells. The anisotropy of the unit cell can be used to realize a bi-functional lens design. Our design approach can now be applied to other metasurface devices. So far we have conducted experimental testing on our materials in the microwave frequency range, but similar tests can be extended into terahertz frequencies. We also plan to combine holographic optics theory with TO and GO to produce planar or conformal integrated systems using metasurfaces.
